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Introduction

m The concept of Diophantine m-tuples dates back to ancient
Greek mathematics.

m Diophantus of Alexandria® was exploring sets of rational
numbers that satisfy specific properties.

m The classification and extension of such sets have remained
one of the central focuses in number theory for centuries and
have yielded meaningful insights across different domains.

LA prominent mathematician active in the 3rd century.
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Basic Definitions

Definition 1 (Diophantine m-tuple with property D(n))

Let n € Z\{0}. A set of m positive integers {a1, az,...,am} is
called a Diophantine m-tuple with the property D(n)? if

ajaj+n
is a perfect square forall 1 < i <j < m.
|

A Diophantine m-tuple with the property D(1) is simply called a
Diophantine m-tuple.

%or simply a D(n)-m-tuple.
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Historical Examples

The earliest known rational Diophantine quadruple was found by

Diophantus:
{1 33 17 105}

16°16" 4 16

The first Diophantine quadruple consisting of four positive
integers® was discovered by Pierre de Fermat:

{1,3,8,120}.

3This set is widely known as Fermat'’s set.
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The Classical Case: n=1

Historically, the case n = 1 has been investigated most thoroughly.
A few breakthrough results include:

m Baker & Davenport (1969): Proved that Fermat's set
cannot be extended by a positive integer to a Diophantine
quintuple [2].

m Dujella (2004): Established that there are no Diophantine
sextuples and that there exist only finitely many Diophantine
quintuples over the integers [5].

m He, Togbé & Ziegler (2019): Solved a long-standing open
problem by proving the non-existence of Diophantine
quintuples [7].
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Different Directions of Generalization

Research has expanded the study in several fundamental directions:

Investigating D(n)-m-tuples for a fixed integer n # 1 (such as
n = —1 or n = 4) within the ring of integers Z.

Extending the problem from the ring of integers Z to the field
of rational numbers QQ or other algebraic number fields.

Investigating polynomial Diophantine tuples over rings such as
Z[X], Q[X], or C[X].
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A Generalization of the Problem: n =4

A highly notable and intensely studied case is when n = 4:

m Filipin (2008, 2011) proved the non-existence of
D(4)-sextuples and showed that there are only finitely many
D(4)-quintuples [8, 9].

m Bliznac TrebjeSanin & Filipin (2019) proved the
non-existence of D(4)-quintuples [4].
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The Extension of a D(4)-triple {1, b, c}

Let {1, b, c} be a D(4)-triple such that 1 < b < c. In this case,

b4+4=r’ c+4=5> bc+4=1t>

m We address the problem of extending the D(4)-triple {1, b, c},
where 1 < b < ¢, by adding a larger element.

m We combine several previous results on D(4)-quadruples, the
classical method based on solving binary recurrence
sequences, and some new approaches.

m Our aim is to determine whether there exists an irregular
D(4)-quadruple for certain values of c.
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The Extension of a D(4)-triple {1, b, c}

Generally, the D(4)-triple {a, b, c}, where a < b < ¢, can always
be extended by element dy of the form

di =a+b+c+ %(abcj: \/(ab+ 4)(ac +4)(bc+4)). (1)

It is easy to check that {a, b,c,d;} and {a, b,c,d_}, if d_ # 0,
are D(4)-quadruples, where d_ < c.

Example 2

{1,b,d_,c} = {1,5,12,96}
{1,b,c,d,} = {1,5,96,672}.
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The Extension of a D(4)-triple {1, b, c}

Diophantine D(4)-quadruple {a, b, c,d} is called regular if

(a+b—c—d)?>=(ab+4)(cd +4),
or equivalently if d = d+ where
1
de=a+b+c+ E(abcirst),

and r,s,t € Z are defined by

ab+4=1r° ac+4=5s° bc+4=1t
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Conjecture 1 ([6])

Every D(4)-quadruple {a, b, c,d}, where a < b < c < d, is regular
ie. d= d+.
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Related Work

m Adédji, Filipin and Togbé [1] studied the extensibility of the
D(4)-triple {1, b, c}, where 1 < b < ¢, and proved that such
set cannot be extended to an irregular D(4)-quadruple for
some values of ¢ depending on b.

Our aim is to deal with the Conjecture 1 for a =1 i.e. to answer
the question:

Is every D(4)-quadruple {1, b, c,d}, where 1 < b < ¢ < d, regular?
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Extending a D(4)-Pair to a D(4)-Triple

Assume we have a D(4)-pair {1, b} such that 1 < b, where:
b+4=r’ relk. (2)

We are interested in finding integers ¢ that extend this pair to a
D(4)-triple {1, b,c} with 1 < b < c. Alongside (2), the following
conditions must hold:

c+4=3s% bct+d=1t> s tel. (3)

Lemma 4 ([4], Lemma 1)
Let {1,b,c}, wherel < b < c, be a D(4)-triple. Then

c=1+b+2r or c>4b.
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Extending a D(4)-Pair to a D(4)-Triple

m The smallest such cis ¢ =1+ b + 2r, for which we obtain a
triple referred to a regular triple.

m Beside that c, there are infinitely many extensions of the pair
to the triple each corresponding to a solution (t,s) of the
Pellian equation

t2 — bs® = 4(1 — b), (4)

obtained from (3) by eliminating c.
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Extending a D(4)-Pair to a D(4)-Triple

According to [4, Lemma 8], every positive integer solution (t,s) of
the Pellian equation (4) can be generated via the relation:

tts b:(to+sox/5)<r+2ﬂ> . neNo (5

Here, (to, sp) represents a fundamental solution of (4) that satisfies
bounds:

2 _
2gsog,/’r_25 and 2 < |t <\/(r—2)(P—5). (6)
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Extending a D(4)-Pair to a D(4)-Triple

m By [11, Theorem 108a], the Pellian equation (4) has only finitely
many fundamental solutions (ty, ).

m Each fundamental solution generates (t,,s,) by:
tn 4+ saVb = (to + soVb) (T, + U,Vb), n>0. (7)

Sequences (T,)n>0 and (U,)n>o satisfy the linear recurrence relations:

Toyo =rTop1 — Th, (8)

NI =N~

) Un+2 = rUn+1 - Un~ (9)



On the Extension of a D(4)-triple {1, b, c}
L Methodology

Extending a D(4)-Pair to a D(4)-Triple

We easily get:

(t,s) = (tn,sn) = (Thto + Unsob, Thso + Untp). (10)

The sequence of elements:
_ 2
ch=-s,—4, (11)
leads to the infinite family of D(4)-triples:

{1,b,c,}, neN. (12)
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The Case (ty,s0) = (£2,2)

For the fundamental solution (tp, so) = (£2,2), Adédji, Filipin, and
Togbé [1] obtained 8 possibilities for ¢ that allow further
extensions to a D(4)-quadruple {1, b, ¢, d} with d > d;:

Cft = r2i2r—3,

c2i =r*+ 23 —3r2:F4r,
c3i:r6j:2r5—5r4:|38r3+7f2ﬂ:6f*37
cii=r®+2r" — 75 F12r% 4 16r* £ 20r° — 12r° F 8r.
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The Fundamental Solution and Regularity

m Since (to, so) = (£2,2) is a fundamental solution of the
equation (4) for every r, this way we obtain D(4)-triples
{1, b, ¢t} for every D(4)-pair {1, b}, where b = r> — 4 and
r> 3.

m Since b+4 = r? and ¢ +4 = (r + 1)2, D(4)-triples of the
form {1, b, c;"}, for r > 3, have the smallest possible gap
between b and c i.e. they are regular triples.
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The Case r = 10: The Pair {1,96}

m For r <9, the only fundamental solution of (4) is
(to, s0) = (£2,2).
m For r =10 (b = 96), an additional fundamental solution

appears:
(to, So) = (i22, 3).

In this specific case, we get:
(tF,s5) = (£227T, + 288U,, 3T, =+ 22U,).

n>o n
Consequently, the D(4)-pair {1,96} can be extended to new
D(4)-triples where:

¢, =12, 1365,
¢ =672, 66045,
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Experimental Results for r < 100

A systematic computer search for r < 100 revealed an interesting
pattern: For every r of the form

r=glg—3), g5,
there is an additional fundamental solution of (4) of the form
(to,s0) = (£(g> — 58 +4g +2),g — 2).
For r of this form, sy is the biggest possible.

g=5 = r=10: (to,%0)
g=6 = r=18: (tg,%)
g=7 = r=28: (to,%)

(£22,3)
(+£62,4)
(£128,5) ...
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The sequences (T,)n>0 and (U,)n>o satisfy linear recurrence

relations:
-3
To =1, Tl_g(g2)7 Tn+2:g(g_3)Tn+1_ Th
1
Uy =0, U1:§7 Un+2:g(g_3)Un+l_Un

The infinite family of triples is obtained via ¢, = s2 — 4, starting
from ¢g = g% — 4g.
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Analytical Bounds for Further Extensions

m By [3, Theorem 1.6], a D(4)-triple {1, b, c,} cannot be extended to
a D(4)-quadruple {1, b, c,, d} with

l<b<c,=c<d.<d

if ¢ > 39247b*. Therefore, to search for further extensions, we must

assume:
c < 39247b". (13)

m For such quadruples, Blizanac Trebjesanin [3] established strict
lower bounds:

b > 10° (14)
d > 0.249965 - 107> . ¢®° (15)
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The Classical Approach

We consider a general problem of extending a D(4)-triple {1, b, c}
to a D(4)-quadruple {1, b, ¢, d}, where d > c. This requires
solving the system of simultaneous equations

d+4=x bd+4=y? cd+4=27 (16)

where d, x, y and z are positive integers.
There exist regular quadruples {1, b, ¢, d+}, where dy is defined by
(1) and d_ # 0. Additionally, d_ < ¢ and d; > c.
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Motivation and Objective

Known Results (Adédji, Filipin, Togbé [1])

For the fundamental solution (tp, sp) = (2, 2), it is proven that
every D(4)-quadruple {1, b, cF, d} with

l<b<c=ci<d <d

is regular.

Scope of the Research: r = g(g — 3)

Our goal is to determine whether every extension of the D(4)-triple
{1, b, ¢} parameterized by r = g(g — 3), g > 5 to a quadruple
{1, b, c, d} is necessarily regular.
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The Classical Approach

For d = d+, we have
di +4 = ui,

bds + 4 = v3, (17)
Cd:t + 4 = Wi,

where
t+trs _bsj:rt cr + st

2 ) V:t_ 2 )

uL =

We can easily get

t<rs, bs<rt, ie. u_<0, v— <0 and w_ >0.
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The Classical Approach: The System of Pellian Equations

In our observations, we will assume that {1, b, ¢, d} is an irregular
D(4)-quadruple and we will examine if there exist such d > c.
Eliminating d from (16), the following system of Pellian equations

arise
22— = 41-0), (18)
bz?> —cy?> = 4(b-o0), (19)
y2—bx* = 4(1-b). (20)

Each of equations (18)-(20) has finitely many fundamental
solutions (2o, x0), (z1,y1) and (y2, x2), respectively.
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The Classical Approach: Binary recurrent sequences

By [5, Lemma 1], from these solutions we can generate all
solutions of the equations (18)-(20) with

pe/e = oY) mzo

2Vb+yVe = (zlfb+y1ﬁ)(t+2\/E)n, n>0, (22)

r++vb
2

y+xvVb = (y2+X2\/B)< )I, /> 0. (23)
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The Classical Approach: Binary recurrent sequences for z

Firstly, for any solution (x,y, z) of the system (18)-(20), we have
Z=Vpm=W, m, n>0, (24)

where the sequences (vim)m>0 and (wp)n,>0 are obtained using (21)
and (22) and given by

Vo = 29, vi= E(SZO +¢x0), Vmi2 = SVm+1 — Vm, (25)

1
wy = 21, Wi = 5(1‘.’21 + Cyl)7 Wpt2 = tWpi1 — Wy (26)
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The Classical Approach: Binary Recurrent Sequences for y

Similarly, for any solution (x, y, z) of the system (18)—(20), we get:

y=A,=B, n,1>0. (27)

The sequences (A,)n>0 and (By);>o are defined recursively by:

1
Av=y1, A= §(ty1 + bz;), Apj2=tA1— A, (28)

1
Bo =y, Bi= 5(% + bx2), Biio =rBiy1— By (29)
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The Classical Approach: Methodological Challenges

While we follow the classical framework of reducing the system of
Pellian equations to intersections of binary recurrent sequences,
our analysis introduces significant complications, requiring the
examination of multiple additional subcases.
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Lemma 5

Suppose that {1, b, c,d} is a D(4)-quadruple such that
1< b<c<dy<d, and that (Vm)m>0 and (w,)n>0 are defined
with (25) and (26), respectively.

1) If vop, = wo, has a solution, then
a) p=z1=42, x0=y1 =2 or
b) zy=zy = +%(cr —st), xo = 3(rs — t) and y1 = 1(rt — bs).

2) If o = wapy1 has a solution, then z; = +s,

20 = F3(cr —st), xo = 3(rs —t) and y1 = r.

3) If vom+1 = want1 has a solution, then zy = +t, z; = +s, and
Xo=y1=1r.



On the Extension of a D(4)-triple {1, b, c}
L The Classical Approach

Lemma 6

Suppose that {1, b, c,d} is a D(4)-quadruple such that

1< b< c<ds <d, defined by the parametric family
r=g(g—3) withs =g —2. Let (Vm)m>0 and (wp)n,>0 be defined
as before.

1) If o = wop, has a solution, then
a) zn=z1==E2, x0=y1=2or
b) z0=z=4(-g°+3g+2), xo=g—1 and
n=-g+4g"-g—4

2) If vom = wany1 has a solution, then z; = +(g — 2),
z0=F(—g?>+3g+2), x0=g—1and y; = g*> - 3g.

3) If vamy1 = Wapy1 has a solution, then
z0=+(g® —5g>+4g+2), z1 = £(g — 2), and
x0=y1=g>—3g.
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Classification of Fundamental Solutions

Suppose that {1, b, c,d} is a D(4)-quadruple with
1< b<c<di <d, and let the sequences (Ap)n>0 and (B;)i>o
be defined by (28) and (29), respectively.

Then, the fundamental solutions (y», x2) of equation (20) must be
one of the following:

1) (y2,x) = (£2,2)

2) (y2,x2) = (to, o), where (to, o) is the fundamental solution
of equation (4) from which c arises.
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The Classical Approach: Binary Recurrent Sequences for x

Finally, for any solution (x, y, z) of the system (18)—(20), the
component x can also be expressed through the intersection of two

sequences:
x =P =Qn (30)

for some non-negative integers / and m.

The sequences (P;);>0 and (Qm)m>0 are given by the recurrence
relations:
1

Po=x2, P1= E(fX2 +y2), Pro=rP1—P (31)

1
Qo =x0, Q1= §(SXO +20), Qmi2=5Qmi1—Qm  (32)
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System of Binary Recurrence Sequences

B Z=V,= W,

Vm42 = (g - 2) Vm41 — Vm

Wita = (g° —5g° +4g +2) Woy1 — W,
my=A,=B:

Anio = (g3 — 5g2 +4g +2)Apt1 — An
B2 =g(g —3)Biy1— B

B x =P =Qn:

Piy2=1g(g —3)Py1— P
Qm+2 = (g - 2) Qm+1 — Qm
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By Lemma 5 and Lemma 7, we conclude that these two situations
are possible:
m If m and [/ are even, then:
a) zo:iZ, X0:2, x2:y2:2or
b) zo = £2, xo =2, xo = 50, Yo = tp or
Q) |zo| = %(cr —st), xo = %(rs —t),xx=y2=2o0r
d) |zo| = 5(cr —st), xo = 3(rs — t), x2 = 50, y2 = to,
where (tp, sp) is a fundamental solution of (4) from which ¢
arises.

m If mand [ are odd, then zy = +t, xo = r, X0 = 50, y2 = to,
where (tp, sp) is a fundamental solution of (4) from which ¢
arises.

The cases where m and | have different parity correspond with the
above cases.
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Technical Remarks: b* < ¢ < 39247b*

Remark 1

If b* < ¢ < 39247b*, by [3], the cases 1.b) and 2) of the Lemma 5
are not possible.

Also, since b* > ¢ > b > 10°, it follows from (15) that:

d > 0.249965 - 101573,
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Technical Remarks: Characterization of dy for Small ¢

In the remaining case where ¢ < b*, if the subcase 1.b) from
Lemma 5 occurs, we define
zZ—4

do = :
c

Then, by [10], it holds that dy = d_ (with 0 < dy < c), meaning
{1,b,c,do} is a regular D(4)-quadruple.

Moreover, by [3], this regular element is strictly bounded by:

2
oAt _Ve_ya
c Vb
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Technical Remarks: Characterization of dy for Small ¢

Similarly, in the case where ¢ < b*, if the subcase 2) from Lemma 5
occurs, we define
2
z5 — 4
do = 0 0
c

Then, by [10], it likewise holds that do = d_ (with 0 < dy < c), meaning
{1, b, c,do} is a regular D(4)-quadruple.

Moreover, by [3], this element satisfies the upper bound:

2
40

d_:

4
< Ve < b2
c
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Future Work

m Linear Forms in Logarithms

m Baker-Davenport Reduction
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Thank you for attention!
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